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In naturally fractured reservoirs, the performance of fractured wells is closely related to in-situ 
stress state and natural fracture distributions. The anisotropic geomechanical behavior of naturally 
fractured rock makes it difficult to appropriately evaluate the stress and geomechanical properties 
of the field. In this study, a wellbore-based, integrated geomechanics-seismic model is proposed 
aiming to improve stress field prediction and characterization of naturally fractured reservoirs.  
The integrated approach, starting from a finite element based geomechanical model, which 
adopts anisotropic nonlinear elasticity to best capture the physical behavior of fractured rock. It is 
developed to estimate the current stress field at reservoir-scale. The apertures of natural fractures 
in the reservoir as well as the stiffness of the reservoir rocks are updated during the simulation. 
The constraints of the geomechanical model are the wellbore stress conditions and failure in the 
near wellbore region. To verify the geomechanical model results, the failure predicted by a 
borehole stability model under the simulated stress condition is compared to the measurement 
borehole breakouts based on well log interpretations. Comparing to conventional stability model, 
in which rock mass is assumed to be isotropic, the borehole stability model used in this study 
considers the elastic anisotropy to provide more reliable local stresses. Seismic anisotropy caused 
by open fractures is then calculated and serves as another calibration method to improve 
identifying open natural fractures. 
In this work, a field study is presented. Given the estimated fracture spacing and aperture, 
the wellbore-based, integrated geomechanics-seismic model estimates a more homogenous 
maximum and minimum horizontal stress magnitude variations throughout the field comparing to 




horizontal stress ratio. The different results in the magnitudes of horizontal stresses will also cause 
difference in predicted fracture apertures, which results in changes in fracture permeability and 
porosity in coupled flow-geomechanics reservoir simulation. Eventually, for this field study, the 














I would like to express my deepest gratitude to my advisor, Dr. Ding Zhu, for providing me the 
opportunity to pursue my Ph.D. studies at Texas A&M University and being incredibly supportive 
during my research project. Dr. Ding Zhu has been a constant source of inspiration and 
encouragement. Her invaluable guidance and assistance had significant impacts not only on this 
dissertation but also on my perception of research as a graduate student.  
I would like to give special thanks to my co-advisor, Dr. Nobuo Morita, whose profound 
knowledge on geomechanics and rock mechanics helped me improve my research project. It is 
impossible for me to complete this research project successful without his generous support. 
I would also like to express my greatest thanks to Dr. Jihoon Kim. His constructive 
suggestions and insights during my research greatly benefit my research project. His course on 
numerical methods in rock mechanics has been very helpful for the theoretical part of this study. 
I would also like to thank Dr. Frederick M. Chester. His advices provide me the 
understanding of the fundamental perspectives on rock deformation. 
I want to thank Ashley Knorr for helping me conduct six triaxial tests for my research 
project. My thanks also go to Yuhai Zhou, Jaeyoung Park, Elizabeth Da Silva and Jimmy Jin, my 
team members on the Tarim project for their collaboration. I also want to thank my colleagues and 




CONTRIBUTORS AND FUNDING SOURCES 
 
This research study was supervised by a dissertation committee consisting of Dr. Ding Zhu 
(advisor), Dr. Nobuo Morita (co-advisor), and Dr. Jihoon Kim of the Department of Petroleum 
Engineering, and Dr. Frederick M. Chester of the Department of Geology and Geophysics. 






𝐴 Fracture surface area 
𝐶 Stiffness tensor 
𝐶𝑖𝑗 Stiffness tensor in the Voigt notation 
𝐷𝑖𝑗 Fracture stiffness matrix 
𝐸 Young’s modulus 
𝐹𝑏 Body force 
𝐹𝑒𝑥𝑡 External force 
𝐹𝑖𝑛𝑡 Internal force 
𝑔 Gravitational acceleration  
𝐽 Jacobian matrix 
𝐽𝐶𝑆 Joint wall compressive strength 
𝐽𝑅𝐶 Joint surface roughness coefficient 
𝐾 Stiffness matrix 
𝐾𝑛 Fracture normal stiffness 
𝐾𝑛𝑖 Initial fracture normal stiffness 
𝐾𝑠 Fracture shear stiffness 
𝐿𝑠 Length of scanned image log 
𝑁𝑘 Shape function 
𝑝𝑤 Wellbore pressure 
𝑅 Residual force 
𝑆 Compliance  tensor 
viii 
𝑆𝑖𝑗𝑘𝑙 Forth-order compliance  tensor 
?̂?𝑖𝑗𝑘𝑙 Forth-order compliance  tensor in the local coordinate system 
?̂?𝑖𝑗𝑘𝑙
𝐼 Intact rock compliance tensor in the local coordinate system 
?̂?𝑖𝑗𝑘𝑙
𝐽 Fracture compliance tensor in the local coordinate system 
𝑆𝑖𝑗𝑘𝑙
0 Forth-order compliance tensor at the reference state 
𝑠𝑓 Fracture spacing 
𝑇 Traction 
𝑇1 Transformation matrix 
𝑇2 Transformation matrix 
𝑢 Displacement 
𝑢𝑘 Nodal displacement 
?̂?𝑒 Element displacement vector 
𝑉𝑗 Fracture closure 
𝑉𝑚 Maximum fracture closure 
𝛼, 𝛼𝑠 Fracture dip direction 
𝛼𝑏 Borehole dip direction 
𝛽, 𝛽𝑠 Fracture inclination angle 
𝛽𝑏 Borehole inclination angle 
𝛽𝑖𝑗 Direction cosine 
𝛾 Shear strain 




 Strain  
𝑖𝑗 Strain  
𝜃 Angle between fractures 
𝜆 Lame constant 
𝜇 Lame constant 
𝜌 Density 
𝜎 Stress 
𝜎𝑏 Borehole-induced stress 
𝜎1 Maximum principal stress 
𝜎3 Minimum principal stress 
𝜎𝐵𝐶𝑆 Stress in the wellbore coordinate system 
𝜎𝐺𝐶𝑆 Stress in the global coordinate system 
𝜎𝑃𝐶𝑆 Stress in the principal stress coordinate system 
𝜎ℎ, 𝜎ℎ,𝑚𝑖𝑛 Minimum horizontal stress 
𝜎𝐻, 𝜎𝐻,𝑚𝑎𝑥 Maximum horizontal stress 
𝜎𝑖 Initial stress condition 
𝜎𝑛 Normal stress 
𝜎𝑛
′  Effective normal stress 
𝜎𝑣 Vertical stress 
𝜏 Shear stress 
𝜐 Poisson’s ratio 
𝜙′ Mobilized friction angle 
x 
𝜙𝑏 Friction angle 
𝜙𝑟 Residual friction angle 
xi 
TABLE OF CONTENTS 
Page 
ABSTRACT ........................................................................................................................ ii 
DEDICATION ................................................................................................................... iv 
ACKNOWLEDGEMENTS ................................................................................................. v 
CONTRIBUTORS AND FUNDING SOURCES ............................................................. vi 
NOMENCLATURE ......................................................................................................... vii 
TABLE OF CONTENTS ................................................................................................... xi 
LIST OF FIGURES ......................................................................................................... xiii 
LIST OF TABLES ......................................................................................................... xvii 
CHAPTER I  INTRODUCTION AND BACKGROUND ..................................................1 
1.1 Overview and Motivation ........................................................................................1 
1.2 Objectives and Focuses of the Study .......................................................................3 
CHAPTER II  LITERATURE REVIEW ............................................................................6 
2.1 Experimental Observations and Empirical Models for Fractured Rock ..................6 
2.2 Numerical analysis in Geomechanics ....................................................................11 
2.2.1 Constitutive equation and material symmetry ......................................11 
2.2.2 Deformation Analysis of Fractured Rock .............................................14 
2.3 Wellbore Stability Models .....................................................................................18 
2.4 Fracture Characterization near Wellbore Using Well Logs ...................................20 
2.5 Experimental and theoretical studies on influence of fractures on seismic 
velocities ..........................................................................................................22 
CHAPTER III DEVELOPMENT OF INTEGRATED APPROACH FOR 
GEOMECHANICAL CHARACTERIZATION ...............................................................26 
3.1 Equivalent Continuum Method ..............................................................................27 
3.2 Finite-Element-Based Geomechanical Model .......................................................31 
3.2.1 Finite-element formulation ...................................................................32 
3.2.2 Model validation with a single fracture ................................................38 
3.2.3 Model limitations ..................................................................................41 
3.3 Wellbore Stability Model in Anisotropic Formations ...........................................41 
xii 
3.3.1 Model development ..............................................................................41 
3.3.2 Model validation ...................................................................................43 
3.3.3 Model limitations ..................................................................................49 
3.4 Seismic Velocity Anisotropy .................................................................................49 
CHAPTER IV  FIELD CASE STUDY .............................................................................52 
4.1 Field Introduction...................................................................................................52 
4.1.1 Geological description and tectonic actives of the Tazhong area .........52 
4.1.2 Experimental results from core samples ...............................................54 
4.2 Well Data Acquisition and Interpretations ............................................................60 
4.3 Reservoir-scale Geomechanical Modeling ............................................................64 
4.3.1 Geostatistical modeling of reservoir properties ....................................64 
4.3.2 Stress analysis around borehole ............................................................66 
4.3.3 Reservoir geomechanical modeling ......................................................70 
4.3.4 Seismic velocity modeling ....................................................................75 
CHAPTER V CONCLUSIONS ........................................................................................77 
APPENDIX A DERIVATION OF STRESS DISTRIBUTION AROUND A 
BOREHOLE ......................................................................................................................88 





LIST OF FIGURES 
 
 Page 
Figure 1.1 – Simulated hydraulic fracture network and fluid pressure in the domain 
with different horizontal stress anisotropy. Reprinted from Kresse et al. 
(2011) .................................................................................................................... 2 
Figure 2.1 – Experimental results on joint normal displacements under normal 
stresses for different types of rocks. Reprinted from Bandies et al. (1983) .......... 8 
Figure 2.2 – Material with different planes of symmetry a) Isotropic material. b) 
Transversely isotropic material. c) and d) Orthotropic material with two or 
three planes of symmetry. ................................................................................... 14 
Figure 2.3 – Rock mass intersecting with three non-orthogonal fracture sets .................... 17 
Figure 2.4 – Natural fracture, borehole breakout, and tensile failure identified from 
FMI. Reprinted from Trice (1999) ...................................................................... 21 
Figure 2.5 – Schematics for fracture spacing. a) Fractures intersecting the wellbore, 
b) Fractures are parallel to wellbore .................................................................... 22 
Figure 2.6 – Illustration of shear wave splitting through an anisotropic medium .............. 23 
Figure 2.7 – a) Comparison of measured and computed velocities as a function of 
stress in Barre granite. (I) Hydrostatic stress. (II) Velocity in the direction 
of uniaxial stress. (III) Velocity perpendicular to stress. b) Comparison of 
measured and computed elastic anisotropy in Barre granite. Reprinted 
from Nur (1971) .................................................................................................. 24 
Figure 3.1 – Workflow for the integrated approach ........................................................... 27 
Figure 3.2 – Schematics of natural fracture in the global and local coordinate systems
 ............................................................................................................................. 28 
Figure 3.3 – Illustration of space transformation of an 8-node element from the 
global coordinate to the transformed coordinate ................................................. 34 
Figure 3.4 – Illustration of iteration techniques for nonlinear finite element analysis. 
a) Full Newton-Raphson method. b) Modified Newton-Raphson method. 




Figure 3.5 – Simulated and analytical total displacement of the sample with a single 
fracture under uniaxial loading condition. The Full Newton-Raphson 
method is used for iteration. ................................................................................ 40 
Figure 3.6 – Simulated and analytical fracture normal displacement under increasing 
normal stress ........................................................................................................ 40 
Figure 3.7 –Geometry and model structure for wellbore stability analysis ........................ 42 
Figure 3.8 – Laminated rock sample and differential stress at failure with respect to 
the inclination angles of the lamination. Reprinted from Saeidi et al. 
(2014). ................................................................................................................. 42 
Figure 3.9 – Stress distributions around wellbore in an isotropic formation (a) 
Comparison of numerical and analytical solutions for stress distribution at 
the borehole (b) Comparison of numerical and analytical solutions for 
stress distributions along the y-axis .................................................................... 45 
Figure 3.10 – Stress distributions at the wellbore in an anisotropic formation (a) 
Fracture normal stiffness 𝑲𝒏 = 𝟏𝟎 𝑮𝑷𝒂/𝒎 (b) Fracture normal stiffness 
𝑲𝒏 = 𝟓 𝑮𝑷𝒂/𝒎 (c) Fracture normal stiffness 𝑲𝒏 = 𝟐 𝑮𝑷𝒂/𝒎 and (d) 
Fracture normal stiffness 𝑲𝒏 = 𝟏 𝑮𝑷𝒂/𝒎 ........................................................ 47 
Figure 3.11 – Stress distributions at the wellbore in an anisotropic formation (a) 
Fracture inclination angle 𝜷 = 𝟗𝟎 ∘ (b) Fracture inclination angle 𝜷 =
𝟔𝟎 ∘ (c) Fracture inclination angle 𝜷 = 𝟑𝟎 ∘and (d) Fracture inclination 
angle 𝜷 = 𝟎 ∘ ...................................................................................................... 48 
Figure 3.12 – Polarization directions of P- and S- waves with respect to wave 
propagation direction n ........................................................................................ 51 
Figure 4.1 – Structure map of the Tazhong area in Tarim Basin and location of the 
TZ45 block in this field case study. Reprinted from Wang et al. (2013) ............ 54 
Figure 4.2 – Correlation between dynamic and static Young’s Modulus........................... 57 
Figure 4.3 – Correlation between dynamic and static Poisson’s ratio ................................ 57 
Figure 4.4 – Core sample for triaxial test a) before the test and b) after the test. 
Specimen dimension: 50 mm in height, 25 mm in diameter Microfracture 
can be observed in the sample ............................................................................. 58 
Figure 4.5 – Stress-strain curves from triaxial test ............................................................. 59 




Figure 4.7 – Location of Well ZG161 in the TZ45 block of the tight gas carbonate 
field ...................................................................................................................... 61 
Figure 4.8– a) 6-arm caliper readings, b) sonic velocity logs, c) density log and d) 
sample image log from interval 6094m-6097m .................................................. 62 
Figure 4.9 – Elastic properties interpreted from well logs. a) Young’s modulus and 
shear modulus at the well, b) Poisson’s ratio and c) rock strength ..................... 63 
Figure 4.10 –Young’s modulus distribution of the TZ45 block ......................................... 64 
Figure 4.11 – Shear modulus distribution of the TZ45 block ............................................. 65 
Figure 4.12 –Poisson’s ratio distribution of the TZ45 block .............................................. 65 
Figure 4.13 – Simulation domain for geomechanical modeling of Well ZG161 with 
a) top view and b) cross-sectional view .............................................................. 66 
Figure 4.14 – Examples of natural fractures observed from image logs at intervals 
6094m-6097m and 6221m-6224m ...................................................................... 67 
Figure 4.15 – a) ZG161 Breakouts intervals identified from image log showing as 
red lines.  b) Rose diagram showing the azimuth of centers of borehole 
breakouts, 0° indicates north. .............................................................................. 68 
Figure 4.16 – Projected borehole failure area from simulation result with minimum 
horizontal stress 𝝈𝒉 = 𝟏𝟐𝟎𝑴𝑷𝒂 , maximum horizontal stress 𝝈𝒉 =
𝟏𝟑𝟎𝑴𝑷𝒂 , and vertical stress  𝝈𝒗 = 𝟏𝟒𝟎𝑴𝑷𝒂  (left) An example of 
borehole breakout interpretation from image log at interval 6096 m – 6099 
m (middle) Caliper Measurement of the borehole at interval 6095 m – 6100 
m (right). .............................................................................................................. 70 
Figure 4.17 – Young’s modulus distribution of the simulation domain ............................. 71 
Figure 4.18 – Boundary conditions for the reservoir geomechanical model. The 
bottom of the model is fixed in the vertical direction, but movement is 
allowed in the horizontal direction ...................................................................... 71 
Figure 4.19 – a) Simulated maximum effective horizontal stress distribution and b) 
simulated minimum effective horizontal stress distribution, assuming 
isotropic elastic formation without effect of natural fractures ............................ 72 
Figure 4.20 – a) Simulated maximum effective horizontal stress distribution and b) 
simulated minimum effective horizontal stress distribution, assuming 




Figure 4.21 – Comparison of the simulated minimum and maximum horizontal 
stresses at the well location with and without effect of natural fractures............ 73 
Figure 4.22 – Comparison of simulated horizontal stress ratio between the two cases. 
a) Isotropic elastic formation, b) anisotropic nonlinear elastic formation .......... 74 
Figure 4.23 – Simulated fracture aperture distribution ....................................................... 74 
Figure 4.24 – a) Simulated p-wave velocity and b) simulated s-wave velocity 
throughout the reservoir assuming isotropic elastic formation ........................... 75 
Figure 4.25 – Simulated seismic wave velocities throughout the reservoir assuming 
anisotropic elastic formation a) fast p-wave velocity, wave propagates 
parallel to natural fractures b) slow p-wave velocity, wave propagates 
through natural fractures c) fast s-wave velocity and d) slow s-wave 
velocity, both s-wave velocities are for wave propagates parallel to natural 
fractures ............................................................................................................... 76 
Figure B1 – Illustration of coordinate system transformation from the principal 
stress coordinate system to the global coordinate system (left), and from 





LIST OF TABLES 
 Page 
Table 1 – Input parameters to simulate normal displacement of single fracture under 
uniaxial loading condition ................................................................................... 39 
Table 2 – Simulation parameters for isotropic formation case ........................................... 45 
Table 3 – First set of natural fracture properties ................................................................. 47 
Table 4 – Second set of natural fracture properties ............................................................ 48 
Table 5 – Summary of static experimental data of core samples from the field ................ 55 
Table 6 – Summary of dynamic experimental data of core samples from the field ........... 56 
Table 7 – Simulation parameters of boundary conditions and intact rock ......................... 69 








CHAPTER I  
INTRODUCTION AND BACKGROUND 
 
1.1 Overview and Motivation  
For naturally fractured formations, optimization of the field development, including well planning 
and stimulation, and other activities such as water injection and CO2 sequestration rely on the 
knowledge of characteristics of the natural fractures since they significantly affect properties of 
subsurface rock namely, permeability and porosity, elastic moduli, and seismic attributes. Ignoring 
the impacts of natural fractures can ultimately lead to failure in field operations from exploration 
stage to production stage.  
For drilling practice, mud loss during drilling is often a sign of wellbore hitting natural 
fractures. In some server cases, when drilling through a fractured formation, borehole shift due to 
natural fracture is observed (Maury and Zurdo 1996). Near wellbore natural fractures can be 
visualized through borehole image logs and core samples.  
Hydraulic fracturing in naturally fractured reservoirs often resulted in complex fracture 
network according to microseismic monitoring (Maxwell et al. 2002, Daniels et al. 2007). Using 
a hydraulic fracturing model that is capable to simulate the interaction between the main fracture 
and pre-existing natural fractures, Kresse et al. (2011) showed that as horizontal stress anisotropy 
decreases, the complexity of the fracture network increases as shown in Figure 1.1. Therefore, 
when designing a fracturing job in naturally fractured reservoirs, knowing the stress field and 






Figure 1.1 – Simulated hydraulic fracture network and fluid pressure in the domain with 
different horizontal stress anisotropy. Reprinted from Kresse et al. (2011) 
 
Advanced flow-geomechanics coupled reservoir models, which capture the stress-induced 
permeability and porosity change of the in-situ rock, provide the capability of rigorous modeling 
of fluid flow in naturally fractured reservoirs (Chen and Teufel 1997, Zhao and Chen 2006, 
Bagheri and Settari 2008). For the coupled reservoir simulation, besides matrix permeability and 
porosity, fracture permeability and porosity, as well as the in-situ stress conditions, are also 
required. If we simplify a fracture as two parallel surfaces, then both fracture permeability and 
fracture void to matrix pore volume ratio are closely related to fracture aperture (Zimmerman 
2012). 
Due to different depositional environments and tectonic actives, the scale of natural 
fractures varies from a few centimeters to hundreds of meters. Different sizes of natural fractures 
can have different impacts and can be characterized by various means. Characterization of natural 
fractures and their properties is often done by using seismic interpretations, well logs, and 
experiments on fractured rock samples.  
The detection of natural fractures distributed in the formation needs the help of seismic 




from the seismic interpretations (Hudson 1991). In this case, the anisotropic behavior of fractured 
rock mass which is reflected in the seismic attributes can be used as an alternative interpretation 
method for natural fracture characterization. Mechanical tests on the fractured rock provide 
fundamental knowledge of mechanical behaviors of natural fractures. The most prominent finding 
is the nonlinear stress-displacement relationship. As natural fractures may provide a significant 
amount of pore space and serve as permeable channel for fluid flow, understanding how fracture 
deform under stress is critical for reservoir simulation.  
When building mathematical models or conducting numerical analyses for naturally 
fractured reservoirs, the fractures are often categorized as a type of discontinuities in the rock mass. 
From the numerical simulation perspective, two approaches, discrete or discontinuous method and 
equivalent continuum method, are generally used. Both approaches account for the nonlinear 
mechanical behavior of fractured rock mass. The difference is that in the discrete or discontinuous 
models, fractures are individually or explicitly defined, whereas, in the equivalent continuum 
models, fracture properties are embedded into the elastic moduli of the bulk rock mass, thus the 
fractures are implicitly defined.  
 
1.2 Objectives and Focuses of the Study 
Many studies regarding the geomechanical characterization of naturally fractured 
reservoirs are done by only considering the effect of natural fractures in part of the process. The 
ignorance of any concern while characterizing naturally fractured reservoir can lead to inaccurate 
interpretations. The focus of this study is to develop a workflow which incorporates analyses of 
various types of data through different models to improve the reservoir characterization from 




In this study, an integrated approach is proposed and presented through a field study on a 
tight carbonate reservoir. The approach includes three major components: a finite-element-based 
geomechanical model for estimating the stress distribution of the field and updating the 
geomechanical properties of the rock in the simulation domain; a wellbore stability model for 
evaluating maximum horizontal stress through breakout analysis to serve as a constraint of the 
geomechanical model; and a stress-sensitive rock physics model for predicting the anisotropic 
seismic velocities of the field.  
This thesis is structured into 5 chapters and 2 appendices. Following the introduction, 
Chapter 2 briefly reviews the experimental studies conducted on the stress-displacement 
relationships of fractured rock, different approaches for deformation analysis of fractured rocks, 
wellbore stability model, how to characterize natural fractures using well logs and, finally, the 
influences of natural fractures on seismic velocities. 
Chapter 3 provides details of formulation and development of the three main models used 
in the integrated approach for geomechanical characterization of naturally fractured reservoir. The 
limitations of each model is discussed. Both the reservoir-scale geomechanical model and wellbore 
stability model are established on finite-element method. The method for solving the nonlinear 
stress-displacement behavior of a fractured rock is also presented in this chapter. The simulated 
fractured rock compliance from the geomechanical model is used for modeling the anisotropic 
seismic velocities. 
Chapter 4 presents a field application using the integrated model to characterize the natural 
fractures. Well logs of the selected well and mechanical test results from core samples in the region 




this field case study, the stress and fracture aperture distributions at the reservoir scale are 
evaluated.  
Appendix A provides the detailed derivation of analytical solution for stress distribution 
around a hollow cylinder in an anisotropic material. This solution is used to verify simulation 
results from the wellbore stability model. 
Appendix B provides the stress transformation techniques among different coordinate 





CHAPTER II  
LITERATURE REVIEW 
 
Subsurface rock mass generally contains discontinuities such as fractures and weak planes which 
are usually more compliant than the intact rocks. The influence of fractures or joints in the rock 
mass is significant on the mechanical, transport and seismic properties. The deformation of 
fractured rock is generally anisotropic and stress-dependent. Different fractures or fracture sets 
may preserve their won stress-displacement relationships even they are in the same rock mass. The 
constitutive relationship for a general anisotropic rock mass can be described using Hooke’s Law. 
However, to include the deformation of the fractures in the rock mass, it requires more complex 
models. 
 This chapter reviews the experimental investigations on mechanical and seismic behavior 
of fractured rock, theoretical models for fractured rock deformation analysis and natural fracture 
characterization methods at the wellbore.  
 
2.1 Experimental Observations and Empirical Models for Fractured Rock 
Experimental studies on jointed rocks provide fundamental knowledge of mechanical behavior of 
fractured rock. For rock mass with predominate fracture or fracture sets, the most prominent 
finding is the nonlinear stress-displacement relationship which is usually described by fracture 
stiffnesses. As in many cases, microfractures are randomly distributed in the rock mass, and the 
orientations of these microfractures are usually arbitrary. Rocks containing these features usually 
do not exhibit anisotropic mechanical behavior as observed from the rock with major fracture or 




The normal deformation of fractured rock was studied by Goodman (1976). From his 
observations, a power law function was proposed to approximate the relationship of fracture 
normal stress and displacement as shown in Equation 2.1.  
𝑉𝑗 = 𝑉𝑚 − (𝑉𝑚𝜎𝑖)
1
𝜎𝑛
                                                    (2.1) 
where 𝑉𝑗 is the fracture normal displacement, 𝑉𝑚 is the maximum fracture normal displacement, 
𝜎𝑛 is the normal stress applied on fracture surfaces, and 𝜎𝑖 is the initial stress level. 
Bandis et al. (1983) concluded that a hyperbolic function for normal stress-closure 
relationship which fits better to his laboratory investigations of normal deformability on a number 
of different rock types and joint conditions as shown in Figure 2.1. The development of the 
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= 𝑉𝑚                                                                 (2.4) 
On the other hand, when normal stress is extremely small, the fracture closure 𝑉𝑗 should 







= 𝐾𝑛𝑖                                                               (2.5) 
where 𝐾𝑛𝑖 is the initial fracture normal stiffness. If we define fracture normal stiffness as the ratio 




                                                               (2.6) 
















2                            (2.7) 







                                            (2.8) 
Equation 2.7 becomes: 





                                       (2.9) 
 
 
Figure 2.1 – Experimental results on joint normal displacements under normal stresses for 





Both normal stress-displacement models by Goodman and Bandis et al. were empirical 
correlations developed by best fitting experimental data under certain conditions. On the other 
hand, models based on principles of contact theory where stiffness of fracture is derived from 
Hertz or Mindlin contact theories were also developed (Greenwood and Williamson 1966, Brown 
and Scholz 1985, Yoshioka and Scholz 1989, Mirsa 1999). Based on Hertz or Mindlin theories, 
the fracture surface profile is characterized by a distribution function, the force is then summed 
among the contacting asperities during the fracture closure by assuming either elastic or plastic 
deformation. The displacement of the fracture is solved when the force reaches the equilibrium.  
The investigation of peak shear strength criteria was conducted by Patton (1966) on 
simplified fracture surface geometries. Patton concluded that the shear strength for a smooth joint 
is governed by the basic friction angle and for a saw-tooth joint, it is determined by the effective 
friction angle under low normal stress.  
Based on Patton’s work, Ladanyi and Archambault (1969) proposed an improved model 
by considering simultaneous sliding and shearing mechanics of a joint. The model was derived 
from energy conservation where the total shear force is a summation of three components: external 
work done in dilating against the normal force; additional internal work in friction due to dilatancy; 
and work done in internal friction. The general form of shear strength in this model is expressed 
as a function of the rate of dilation, the average friction angle, and shear area ratio. 
Barton (1973) developed a peak shear strength criterion based on shear deformation 
behavior of the fracture with experimental results of direct shear test on fractures with various 
smoothness. The peak shear strength is defined by using an empirical correlation as, 
𝜏 = 𝜎𝑛 tan[𝐽𝑅𝐶 log (
𝐽𝐶𝑆
𝜎𝑛




where 𝐽𝑅𝐶 is the joint surface roughness coefficient, 𝐽𝐶𝑆 is the joint wall compressive strength, 
and 𝜙𝑏  is the friction angle. However, the model has limited applications because the 
determination on surface roughness coefficient 𝐽𝑅𝐶 is subjective and a single 𝐽𝑅𝐶 value may not 
be representative for the entire joint profile by neglecting the localized roughness (Karami and 
Stread 2008). 
The shear deformation mechanics of a joint are generally divided into three groups (Karami 
and Stread 2008), the Coulomb friction model, the Barton-Bandis model (Barton et al. 1985) and 
the continuously yielding model (Cundall and Lemos 1988).  
The Coulomb friction model assumes the joint is elastic-perfectly-plastic, where 
deformation of the joint is linear in both elastic and plastic deformation regimes. The Coulomb 
friction model is most suitable for joint has smooth joint surface and minimized dilation behavior.  
Barton et al. (1985) introduced a relationship between the mobilized surface roughness 
𝐽𝑅𝐶 and the mobilized friction angle, 
𝜙′(𝑚𝑜𝑏) = 𝐽𝑅𝐶(𝑚𝑜𝑏) log (
𝐽𝐶𝑆
𝜎𝑛
) + 𝜙𝑟                                         (2.11) 
where 𝜙𝑟 is the residual friction angle. Based on the ratio of mobilized and peak 𝐽𝑅𝐶 values the 






                                                  (2.12) 
Cundall and Lemos (1988) proposed a continuous yielding model in which the normal and 
shear mechanical behaviors of a joint are both nonlinear. The model considers the progressive 





2.2 Numerical analysis in Geomechanics 
2.2.1 Constitutive equation and material symmetry 
In this section, the constitutive equations for linear elastic rock with different material 
symmetries are presented in the form of Hooke’s law.  
𝜎 = 𝐶                                                                            (2.13) 
or 
= 𝑆𝜎                                                                           (2.14) 
where 𝜎 is the stress,  is the strain, 𝐶 is the stiffness or elasticity tensor, and 𝑆 is the compliance 
tensor. In three-dimensional space, stress and strain are defined by second-order tensors containing 
9 elements. The stiffness and compliance of the rock are forth-order tensors containing 81 
elements. Due to the symmetry of the stress and strain tensors, the generalized Hooke’s law 
expression, 
𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 𝑘𝑙                                                               (2.15) 
can be simplified by using Voigt notation, where the stress and strain are reduced from 9-element 
second-order tensors to 6-element vectors, and stiffness and compliance tensors are now reduced 
from 81-element fourth-order tensors to 6 by 6 matrices, 
𝜎𝑖 = 𝐶𝑖𝑗 𝑗                                                                (2.16) 























































































where the subscript in the Voigt notation as in Equation 2.17 can be converted to the fourth rank 
tensor subscripts in the following order: ( )1 represents ( )11, ( )2 represents ( )22. ( )3 represents 
( )33, ( )4 represents ( )23, ( )5 represents ( )13, and ( )6 represents ( )12. 
For an isotropic material, the elastic moduli do not show azimuthal difference. The 
components in stiffness and compliance tensors can be expressed using Young’s modulus 𝐸 and 





















































































                 (2.18) 
In real field applications, it is unusual to find rock mass that is isotropic. However, common 
material symmetries, such as, transversely isotropic and orthotropic provide simple and relatively 
accurate assumption for geomechanical analysis. As the number of planes of symmetry increases 
as shown in Figure 2.2, the independent components in the stiffness or compliance tensor increase. 
The transversely isotropic materials usually contain one plane of symmetry in a 
representative rock volume. The Young’s modulus and the Poisson’s ratio values are different in 
the directions normal (in the 𝑒3 direction) and parallel (in the 𝑒1 and 𝑒2 direction) to the plane of 








































































































                        (2.19) 
The orthotropic material contains two to three planes of symmetry which makes nine 
independent elastic constants in the compliance tensor. With three planes of symmetry, the stress-





































































































                       (2.20) 
 
Different types of material symmetries form the common anisotropy usually observed in 
geomechanical analyses. They also provide insights into mathematical models developed for 






Figure 2.2 – Material with different planes of symmetry a) Isotropic material. b) 
Transversely isotropic material. c) and d) Orthotropic material with two or three planes of 
symmetry. 
 
2.2.2 Deformation Analysis of Fractured Rock  
Solutions for fractured rock deformation are usually divided into two categories: the discontinuous 
methods or the continuum-based methods. The former approach explicitly defines each individual 
fracture in the model domain and simulates the displacements of each fracture. On the other hand, 
the latter solution embeds the fracture properties into an equivalent continuum where the entire 
fractured rock mass is treated as a continuous body with modified properties. 
Both discontinuous models and continuum-based models have their own advantages. Due 
to the discrete nature of fractured rock, the discontinuous models provide more accurate simulation 
results if the distributions of the fracture size, density, and orientations are arbitrary. However, the 
implementation of individual fractures into the simulation domain and the computational cost of 
the solution can be very expensive. The continuum-based analyses are more suitable for rock mass 




of the fractures are not simulated separately, the computation is greatly reduced compared to the 
discontinuous methods.  
 
Discrete or discontinuous methods 
In the numerical analysis using discrete approach, the discontinuities in the simulation 
domain are explicitly discretized with special elements. The discontinuous methods include the 
discrete element method (DEM) and discontinuous deformation analysis (DDA). These numerical 
schemes are used to simulate the deformation of rock mass containing arbitrarily distributed 
discontinuities.  
Discrete element method is usually used when targeting small-scale problems from 
nanoscopic (~10-9 m) to mesoscopic scale (~10-4 m) since the length scale of interest is at the same 
order of magnitude as the discontinuity spacing (Jebahi et al. 2015). The concept was originally 
proposed by Cundall (1971) to solve rock mechanical problems. Cundall and Strack (1979) 
expanded the model to perform the deformation analysis of granular assemblies. Williams and 
Mustoe (1993) extended the use of the discrete element method from mainly granular particles to 
blocky particles. More recently, attempts for large-scale simulation using discrete element method 
with improved computational algorithms can be found in Cook and Jensen (2002). 
Discontinuous deformation analysis is a special type of discrete element method where the 
mathematical formulation is based on the work-energy method and the principle of minimum 
potential energy.  The concept is originally proposed by Shi and Goodman (1984, 1985) with first 
acquire known displacements and strains of the material at individual locations and perform the 
deformation analysis through best least square fit overall displacements, strains of each rock block 




constitutive equations to provide a forward discontinuous deformation modeling approach. The 
difference between the discrete element method and discontinuous deformation analysis is that the 
former approach is a force method that attempts to adjust the contact forces to be constants and 
the latter is a displacement approach that the solutions in the equilibrium equations are for the 
unknown displacements (Yossef et al. 2018). 
 
Continuum-based methods 
Analytical solutions were derived for some simplified fractured rock geometries featuring 
certain elasticity symmetries. Most of the solutions provide closed-form expressions for the elastic 
constants that form the constitutive equation.  
Amadei and Goodman (1981a), Gerrard (1982), and Yoshinaka and Yamabe (1986) 
developed analytical solutions to obtain the equivalent elastic constants for up to 3 sets of 
perpendicular fractures. In their models, the fractures are assumed to be planar and aligned to the 
axes in the global coordinate system. The fractures can have any width and can have general 
properties. Using this model, Amadei and Goodman (1981b) investigated the stress distribution of 
around a circular hole intersecting parallel fractures by using a general plane strain assumption for 
anisotropic rock mass where fracture normal and shear stiffnesses are incorporated into the 
constitutive relations.  
The closed-formed expressions for elastic moduli of a rock mass intersecting with three 
sets of non-orthogonal fractures as shown in Figure 2.3 are developed by Huang et al. (1995) based 
on slip concept of discontinuities in fractured rock mass. The constitutive constants contain the 




sets. Equation 2.21 shows the elastic modulus in z-direction under uniaxial test assuming the 
fractures have the same stiffnesses 𝐾𝑛 and 𝐾𝑠, 
1
?̅?𝑧

















                   (2.21) 
where ?̅?𝑧 is the equivalent Young’s modulus of the fractured rock in the z-direction, 𝐸0 is the 
Young’s modulus of the intact rock, 𝜃 is the angle between two non-orthogonal fracture sets, 𝑠𝑓 is 
the fracture spacing and 𝜆𝑑𝑖 is the dilatancy coefficient. 
 
 
Figure 2.3 – Rock mass intersecting with three non-orthogonal fracture sets 
 
To conduct the numerical analysis using equivalent continuum method, an equivalent 
continuum constitutive model needs to be established for fractured rock mass. The stress-strain 
relationship of the continuum can be developed based on either the concept of average strain 
energy density for an inhomogeneous elastic body (Singh 1973, Cai and Horii 1992), or the 




(Huang et al. 1985). The implementation of finite element scheme that incorporating the concept 
of equivalent continuum approach was introduced by Zienkiewicz and Pande (1977) for 
multilaminated rocks. The advantage of employing equivalent continuum concept into finite 
element analysis is that the model mesh construction is now independent of the locations of the 
discontinuities. The conventional approach to ensure the simulation accuracy by refining the mesh 
around the fractures is not required anymore. It significantly improved the computational 
efficiency without compromising the reliability of the simulation results. 
 
2.3 Wellbore Stability Models 
Borehole instability occurs when the stress condition is altered by removing the rock mass and 
filling with drilling mud during the drilling operation. The stress concentration results in 
compressive shear failure around the wellbore region when the elevated stress exceeds the rock 
strength. The stress concentration around the wellbore depends on several factors including the 
magnitude and direction in-situ stresses, the mud pressure, well inclination and azimuth.  
Depending on the severe level, borehole instability can result in stuck pipe or collapse of 
the wellbore as reported in numerous studies (Bell and Gough 1979, Plumb and Hickman 1985, 
Zoback et al. 1985, Peska and Zoback 1995). In naturally fractured formations, borehole shift 
along the discontinuous planes is observed (Maury and Zurdo 1996). Wellbore image and caliper 
logs are the most common tools to detect borehole breakouts. 
To prevent the borehole instability issues, models were developed to understand the cause 
of the failure around wellbore and predict the scale of breakouts. Bradley (1979) proposed a 
borehole failure model with assumptions that the rock is linear elastic and the flow of fluid into or 




and into the formation were provided based on Kirsch’s solution (1898) together with Fairhurst 
solution (1968). Zoback et al. (1985) adopted the similar approach but suggested using Coulomb- 
Navier failure criterion for breakout initiation. 
Detournay and Cheng (1988) developed analytical solutions of the stress, displacement, 
and pore pressure field around a vertical borehole by accounting for the presence of pore fluid and 
poroelastic response of the formation. They concluded that the shear failure could be initiated 
inside the formation rock instead of at the borehole wall. Cui et al. (1997) presented an analytical 
solution of stress for an inclined borehole in poroelastic formation under the assumption of 
generalized plane-strain condition. 
For formations contain discontinuities such as natural fractures and weak bedding planes, 
the conventional wellbore stability models for isotropic formations may yield inaccurate stress 
evaluation and breakout predictions due to anisotropic rock strength and the stress perturbation 
from the discontinuities.  
Lekhnitskii (1963) and Amadei (1983) provided analytical solutions of the stress around a 
borehole with arbitrary orientation in an anisotropic formation by adopting generalized plane-
strain assumption. Based on the analytical solution, Aadnoy (1988) investigated the wellbore 
instability issues in anisotropic formation and concluded that directional elastic properties are 
important factors on the failure at wellbore and the conventional isotropic wellbore stability model 
fails to take account into account anisotropic rock behavior. Ong and Roegiers (1993) extended 
Aadnoy’s model by adopting a generalized three-dimensional anisotropic failure criterion together 
with the stress solution for a borehole in anisotropic formation. Zhang et al. (2003) presented a 
numerical solution for borehole stability analysis in naturally fractured formation by considering 




Lee et al. (2012) improved previous models by considering the influence of weak plane on 
the failure regions around the well. In their model, the failure along the weak plane is evaluated 
separately using the projected normal and shear stresses on the weak plane. Liu et al. (2016) further 
improved Lee et al.’s model by taking poroelastic anisotropy into consideration. 
Even though wellbore stability models are originally developed for predicting the 
occurrence of borehole breakouts and drilling-induced fracture, the models can also serve as an 
indicator of in-situ stress. Through borehole stability analysis, stresses can be calculated and 
calibrated by comparing the simulated wellbore failure and breakouts or drilling induced fractures 
observed and measured from the well logs. When modeling in-situ stresses of a field through a 
reservoir-scale geomechanical model, well measured or interpreted stress data are often served as 
constraints for the geomechanical model.  
 
2.4 Fracture Characterization near Wellbore Using Well Logs 
Natural fractures can be characterized at borehole location directly from core samples or indirectly 
through log interpretations, including utilizing borehole imagers, such as microresistivity 
formation imager or ultrasonic borehole imager and conventional well logs such as resistivity logs. 
Log interpretations can be used to determine fracture spacing, fracture orientation and fracture 
aperture. The borehole image log not only can identify natural fractures at wellbore, information 
such as borehole breakouts and drilling-induced fractures as shown in Figure 2.4 are also valuable 
in interpreting orientations and estimating magnitudes of in-situ principal stresses. Practices using 
image logs to characterize near-wellbore natural fractures and build local stress models have been 






Figure 2.4 – Natural fracture, borehole breakout, and tensile failure identified from FMI. 
Reprinted from Trice (1999) 
 
The spacing of natural fractures can be calculated from image logs if the fracture frequency 
and dip angle are known. Terzaghi (1965) introduced the concept of the “shadow zone” to correct 




                                                           (2.22) 
where Ls is the length of scanned image log, β is the angle between the wellbore and fracture dip 
direction, and N is the number of fractures intersected with the wellbore as shown in Figure 2.5. 
As we notice, the above correction has limitation when β is approaching zero. The fracture spacing 
estimation becomes severely affected. Priest (1993) modified Terzaghi’s method by limiting the 





Figure 2.5 – Schematics for fracture spacing. a) Fractures intersecting the wellbore, b) 
Fractures are parallel to wellbore  
 
 Fracture aperture is also of great importance in evaluating fracture porosity and 
permeability. Luthi and Souhaite (1990) combined 3D finite element modeling and using image 
log and resistivity log measurements to determine the fracture aperture, where fracture aperture 
can be calculated using the formation resistivity, mud resistivity, current received by the formation 
microscanner as the scanner moves across a fracture.  
 
2.5 Experimental and theoretical studies on influence of fractures on seismic velocities  
Seismic wave propagation through porous media is a stress-dependent process. Nur and Simmons 
(1969) investigated the response of a granite rock sample under uniaxial loading to seismic wave 
velocity anisotropy. The experimental results showed that the compressional waves travel fastest 
in the direction of the applied stress, whereas, the two shear waves have different velocities in any 






Figure 2.6 – Illustration of shear wave splitting through an anisotropic medium 
 
Nur (1971) developed a theoretical model in aggregates with joints assuming penny-shaped 
pre-existing fractures to determine the velocities of the waves traveling through a jointed rock 
sample under arbitrary loadings. The effects of fracture distribution in the rock and nonhydrostatic 
loadings on the sample on seismic velocities were studied. The velocities that were calculated 
uniquely from the fracture distribution compares well with experimental results of compressional 





Figure 2.7 – a) Comparison of measured and computed velocities as a function of stress in 
Barre granite. (I) Hydrostatic stress. (II) Velocity in the direction of uniaxial stress. (III) 
Velocity perpendicular to stress. b) Comparison of measured and computed elastic 
anisotropy in Barre granite. Reprinted from Nur (1971) 
 
The development of seismic wave velocity models based on stress-induced elastic 
anisotropy of jointed solids were done by O’Connell and Budiansky (1974), Henyey and 
Pomphrey (1982), and Hudson (1980, 1981). In their models, the fracture is assumed to be penny-
shaped and parameters of each fracture need to be provided individually into the model formula. 
These models are generally not practical when fracture density is high, and it is not common to 
take measurements of each individual fracture in a rock sample.  
For rock mass contains more than one set of parallel fractures, Sayers and Kachanov (1991) 
presented a relatively simpler scheme for obtaining the effective elastic properties of jointed rock 
with arbitrary fracture orientations and finite fracture densities through tensor transformation of 
elastic constants. In this model, the fractures are assumed to be penny-shaped, and the knowledge 




Mavko et al. (1995) developed a model for the stress-induced velocity change in rock mass 
containing arbitrary fracture geometries and orientations based on measured values of 
compressional and shear wave velocities through the isotropic intact rock. This model provides a 
more general solution for anisotropic wave velocity analysis since the fractures are not limited to 
penny-shaped and the fracture density can be arbitrarily defined. It also provides an invert method 
for the distribution of fractures given the fracture shape and aspect ratio. 
𝑆𝑖𝑗𝑘𝑙(?̃?) = 𝑆𝑖𝑗𝑘𝑙
0 + ∆𝑆𝑖𝑗𝑘𝑙                                          (2.23) 
where 𝑆𝑖𝑗𝑘𝑙(?̃?)  is the compliance of the fractured rock at a given stress state ?̃? , 𝑆𝑖𝑗𝑘𝑙
0  is the 
reference compliance at a large confining pressure, and ∆𝑆𝑖𝑗𝑘𝑙 is the incremental compliance due 
to the stress change, which can be expressed using the fracture void space to rock volume ratio ?̅?𝑐 
and compliance 𝑆?̅?𝑗𝑘𝑙
𝐽
 of the fracture set at the current stress state, 
Similarly, Schoenberg and Sayers (1995) and Sayers (2002) developed a rock physics 
model using effective compliance of the fractured rock as the sum of the compliance of the 
unfractured intact rock and each set of parallel fractures. Different from the method proposed by 
Mavko et al., instead of using fracture void space change, the compliance of the fractured rock is 
derived from the normal and shear compliances 𝐾𝑛 and 𝐾𝑠 of the fracture sets.  
Prioul et al. (2004) developed a nonlinear rock physics model for predicting seismic 
velocities in a transverse isotropic rock mass under three-dimensional stress condition without the 
prerequisite of wave velocities in isotropic rocks. This model utilizes the third-order elasticity 
constants. However, the model is limited to a small range of stress change due to the linear relation 
between the elastic stiffness tensor and stress variations. If large stress change is implemented, 




CHAPTER III  
DEVELOPMENT OF INTEGRATED APPROACH FOR GEOMECHANICAL 
CHARACTERIZATION 
 
The integrated approach for geomechanical characterization starts with the geomechanical model, 
then a wellbore stability model is used to provide constraints for the geomechanical model results. 
Finally, the seismic attributes, which in this study is the wave velocities, are evaluated based on 
the simulated rock elastic properties and stress distribution of the field through a stress-sensitive 
rock physics model. The workflow of the approach is presented in Figure 3.1.  
Modeling the deformation and stress distribution of the fractured medium adopts the 
equivalent continuum method. The nonlinear behavior of the fracture stress-displacement relation 
is based on the correlation proposed by Bandis et al. (1983). The Full Newton-Raphson iteration 
is used for finding the solution. For borehole stability analysis in an anisotropic formation, a 
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Geomechanical Characterization of Naturally Fractured Reservoirs” by Zhang, W., Zhu, D. and Kim, J., 2018: Paper 
SPE-191867-MS Presented at the SPE Argentina Exploration and Production of Unconventional Resources 






Figure 3.1 – Workflow for the integrated approach 
 
3.1 Equivalent Continuum Method 
The equivalent continuum method is designed to solve the constitutive relation of a material 
containing discontinuities that cause elastic anisotropy. The stress-strain relation for an elastic 
material is defined by Hooke’s Law as described in Chapter II. In this section, two coordinate 
systems are introduced. As presented in Figure 3.2, the global coordinate system refers to the xyz 
coordinates that representing the bulk rock mass; whereas, the local coordinate system refers to 






Figure 3.2 – Schematics of natural fracture in the global and local coordinate systems   
 
The deformation of the fractured rock consists of two parts, one from the intact rock and 
the other one from the fracture set. In the equivalent continuum method, it can be assumed that the 
total strain increment of the continuum is the summation of the elastic strains in both intact rock 
and fractures. The new stress-strain relation of the continuum in the global coordinate system can 
be expressed as, 
∆ 𝑖𝑗 = ∆ 𝑖𝑗
𝐼 + ∆ 𝑖𝑗
𝐽                                                          (3.1) 
where  ∆  is the total strain increment of the fractured rock, ∆ 𝐼 is the strain increment from intact 
rock, and ∆ 𝐽 is the strain increment from fracture set. Equation 3.1 can be further expressed using 
the effective stress as (Bagheri and Settari 2008), 





′                                              (3.2) 
Where 𝑆𝑖𝑗𝑘𝑙 is the equivalent compliance of the fractured rock, 𝑆𝑖𝑗𝑘𝑙
𝐼  is the compliance of the intact 
rock, 𝑆𝑖𝑗𝑘𝑙
𝐽
 is the compliance of the fracture set, and ∆𝜎𝑘𝑙




global coordinate system. The compliance of the isotropic intact rock is described in Equation 
2.18. For natural fractures, the compliance in the global coordinate system can be obtained using 
the fracture stiffness matrix 𝐷𝑖𝑗  with appropriate matrix transformation. The fracture stiffness 
matrix links the fracture displacements with the applied normal and shear stress increments in the 
local coordinate system, 
∆𝛿𝑗 = 𝐷𝑖𝑗∆𝜏𝑗                                                             (3.3) 













]                                           (3.4) 
where ∆𝛿 is the fracture displacement increment, ∆𝜏 is the traction increment on fracture surface, 
and subscript ( )1, ( )2, and ( )3 indicate the fracture dip, and fracture strike, and fracture normal 
direction respectively as shown in Figure 3.2.   
The traction on fracture surface 𝜏𝑗 can be calculated from the stresses in global coordinate 
system and normal unit vector of the fracture 𝑛𝑖, 
𝜏𝑗 = 𝜎𝑖𝑗𝑛𝑖                                                              (3.5) 
With assumptions that small deformation on fracture surfaces and neglect coupled effect 













]                                          (3.6) 
where 𝐷11 and 𝐷22 are the inverse of fracture shear stiffness 𝑘𝑠, and 𝐷33 is the inverse of fracture 




Based on the principle of energy conservation, Huang et al. (1995) proposed a relationship 
between the strain of the fracture sets and fracture displacements, 
∆ 𝑖𝑗







                                                         (3.7) 
where 𝑀 is the total number of fracture sets, 𝑠𝑓 is the fracture spacing. By substituting Equation 
3.3 and 3.5 into Equation 3.7, for each fracture set,  
𝑆𝑖𝑗𝑘𝑙
𝐽
= 𝑛𝑖𝐷𝑗𝑘𝑛𝑙  
1
𝑠𝑓
                                                         (3.8) 
Since the compliance tensor for the isotropic intact rock is invariant, thus is independent 
of coordinate systems. In the local coordinate system, the equivalent compliance tensor of rock 
mass containing one set of fracture can be expressed as, 
?̂?𝑖𝑗𝑘𝑙 = ?̂?𝑖𝑗𝑘𝑙
𝐼 + ?̂?𝑖𝑗𝑘𝑙
𝐽                                                      (3.9) 
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Transformation of the equivalent compliance tensor from the local coordinate system to 
the global coordinate system can be achieved with transformation matrix 𝑅1 containing directional 
cosine of fracture dip angle and dip direction, 
𝑆𝑖𝑗𝑘𝑙 = 𝑅1?̂?𝑖𝑗𝑘𝑙𝑅1





















2 𝑙33𝑙32 𝑙33𝑙31 𝑙32𝑙31
2𝑙21𝑙31 2𝑙32𝑙22 2𝑙33𝑙23 𝑙33𝑙22 + 𝑙32𝑙23 𝑙33𝑙21 + 𝑙31𝑙23 𝑙31𝑙22 + 𝑙32𝑙21
2𝑙11𝑙31 2𝑙32𝑙12 2𝑙33𝑙13 𝑙33𝑙12 + 𝑙32𝑙13 𝑙33𝑙11 + 𝑙31𝑙13 𝑙31𝑙12 + 𝑙32𝑙11








Where 𝑙𝑖𝑗 contains the directional cosine between the global and the local coordinate systems, 
𝑙11 = 𝑐𝑜𝑠(𝑒1, 𝑥)𝑙12 = 𝑐𝑜𝑠(𝑒2, 𝑥)𝑙13 = 𝑐𝑜𝑠(𝑒3, 𝑥)                         (3.13) 
𝑙21 = 𝑐𝑜𝑠(𝑒1, 𝑦)𝑙12 = 𝑐𝑜𝑠(𝑒2, 𝑦)𝑙23 = 𝑐𝑜𝑠(𝑒3, 𝑦)                         (3.14) 
𝑙31 = 𝑐𝑜𝑠(𝑒1, 𝑧)𝑙32 = 𝑐𝑜𝑠(𝑒2, 𝑧)𝑙33 = 𝑐𝑜𝑠(𝑒3, 𝑧)                         (3.15) 
Once equivalent compliance tensor is calculated, the equivalent stiffness tensor 𝐶𝑖𝑗𝑘𝑙  can be 
obtained by inverting the compliance tensor. 
 
3.2 Finite-Element-Based Geomechanical Model 
In this study, a finite-element-based model is built to evaluate the reservoir stress distributions and 
geomechanical properties. This section presents the mathematical description, the finite element 
formulation and discretization for the three-dimensional geomechanical model, and discussions on 






3.2.1 Finite-element formulation 
The geomechanical model developed in this study follows the assumptions listed below: 
 The model assumes elastic behavior for both intact rock and natural fractures. 
 The body force is neglected. 
 Failure of the intact rock is not considered. 
 Fracture shear stiffness is assumed as a constant value in each grid cell. 
The finite-element model is developed based on the constitutive equations described in the 
previous section, and the governing equations, the equilibrium of force and momentum, assuming 
quasi-static condition, 
𝜎𝑖𝑗,𝑗 + 𝐹𝑖




= 0                                                    (3.17) 
where 𝐹𝑏 is the body force per unit volume, which in this study is not considered.  
With the absence of the body force term and apply the principle of virtual displacements, 
which states that the summation of external virtual work, 𝛿𝑅, done by the surface stress and the 
internal virtual work stored as strain energy, 𝛿𝑊, should be equal to zero (Reddy 2004 ), 
𝛿𝑊 + 𝛿𝑅 = 0                                                       (3.18) 
𝛿𝑊 and 𝛿𝑅 are defined as, 
𝛿𝑊 = ∫ 𝜎𝑖𝑗𝛿 𝑖𝑗𝑑𝛺
Ω





𝛿𝑅 = ∫ 𝑇𝑗𝛿𝑢𝑗𝑑𝛤
Γ
                                                       (3.20) 











                                         (3.22) 
Where 𝛿𝑢𝑗  is the virtual displacement, 𝛿 𝑖𝑗  is the virtual strain associated with virtual 
displacement, and 𝑇 is the boundary stress. 
In this study, an 8-node brick element and linear shape functions are used. In three-
dimensional space, the displacement vector 𝑢 = (𝑢1 𝑢2 𝑢3)
𝑇 at any location within the element 
can be expressed using the nodal displacements and corresponding shape functions, 




                                                            (3.23) 
where 𝑢𝑘  is the nodal displacement vector, 𝑁𝑘  is the corresponding shape function. For brick 




(1 + 𝜉𝑘𝜉)(1 + 𝜂𝑘𝜂)(1 + 𝜍𝑘𝜍)                             (3.24) 
where 𝜉, 𝜂, and 𝜍 are the transformed coordinates, where in this coordinate the vertices of the 





Figure 3.3 – Illustration of space transformation of an 8-node element from the global 
coordinate to the transformed coordinate 
 
If the shape function matrix 𝑁 and element displacement vector ?̂?𝑒 are defined as,  
𝑁 = [
𝑁1 0 0 ⋯ 𝑁8 0 0
0 𝑁1 0 ⋯ 0 𝑁8 0
0 0 𝑁1 ⋯ 0 0 𝑁8
]                               (3.25) 
and 
?̂?𝑒 = (𝑢1 ⋯ 𝑢8) 𝑇                                             (3.26) 
Then Equation 3.23, can be rewritten as, 
𝑢 = 𝑁?̂?𝑒                                                        (3.27) 


























































𝐵 = 𝐿𝑁                                                                         (3.29) 
Then the strain components at any point in an element can be defined as, 
= 𝐵?̂?𝑒                                                                       (3.30) 



























































































































                        (3.31) 
 
With the constitutive relationship, the stress can be expressed as, 
𝜎 = 𝐶𝐵?̂?𝑒                                                                     (3.32) 





                                              (3.33) 
Equation 3.33 can be further rewritten as, 
(∫ 𝐵𝑇𝐶𝐵𝑑𝛺
Ω
) ?̂?𝑒 = −∫ 𝑁𝑇𝑇𝑑𝛺
Γ
                                              (3.34) 
or,  




where 𝐾𝑒  is the element stiffness matrix, 𝑓𝑒  is the element load vector. With appropriate 
assembly, the total stiffness matrix 𝐾 and total load vector 𝑓 can be compiled to solve the total 
displacements within the simulation domain.  
The integration of in the stiffness matrix is often performed by employing Simpson’s 
integration rule by transforming the original brick or tetrahedron element in the global coordinate 
system into a cubic element in the local coordinate system, as shown in Figure 3.3. The stiffness 
matrix then can be expressed as, 
𝐾 = ∫ 𝐵𝑇𝐶𝐵𝑑𝛺
Ω
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                                         (3.38) 
When multiple load increments are implemented, which is commonly used in nonlinear 
finite element analysis, the internal force 𝐹𝑖𝑛𝑡 needs to be calculated from the nodal displacement 









                                            (3.39) 
The residual force or the out of balance force  𝑅 is defined as the difference between the 
external force and the internal force at the current load step, 
𝑅 = 𝐹𝑒𝑥𝑡 − 𝐹𝑖𝑛𝑡                                                       (3.40) 
If the residual force is larger than the assigned tolerance, an incremental displacement 
vector is calculated from the residual force and added to be previous displacement solution. The 
iteration procedure continues until either the tolerance is met, or the maximum rounds of iterations 
are reached. Generally, if the material is linear elastic, the calculated internal force is the same as 
the external force and no iteration is required. However, if the constitutive equation nonlinear, then 
the iterations are required to obtain the force equilibrium. The solution for such kind of problem 
usually requires numerical techniques such as Full Newton-Raphson method, Modified Newton-
Raphson method, or Picard Iteration method (Reddy 2004). Once the force balance is reached, the 
external force for next load step can be expressed as, 
𝐹𝑒𝑥𝑡 = 𝐹𝑖𝑛𝑡 + ∆𝐹𝑒𝑥𝑡                                                       (3.41) 
The solution schemes for each method is demonstrated in Figure 3.4. As shown in Figure 
3.4 a), the implementation of the Full Newton-Raphson method requires change of rock stiffness 
at each iteration within one load step. For the Modified Newton-Raphson method as shown in 
Figure 3.4 b), the rock stiffness is set to be constant until change is demanded. Usually, in the 
Modified Newton-Raphson method, the change of rock stiffness is at the beginning of each load 
step. The Picard Iteration method or the Direct Iteration method as shown in Figure 3.4 c), also 
updates the rock stiffness, however, instead of using tangent stiffness as in the Full Newton-




iteration techniques and other methods for solving nonlinear equations can be found in reference 
as Reddy’s work (Reddy 2004).  
 
Figure 3.4 – Illustration of iteration techniques for nonlinear finite element analysis. a) Full 
Newton-Raphson method. b) Modified Newton-Raphson method. c) Picard Iteration 
method. Reprinted from Reddy (2004) 
 
Due to the nature of fracture stress-displacement relation, the Modified Newton Raphson 
method causes divergence of solution, and the Picard Iteration method provides a slow 
convergence rate. Thus, in this study, the Full Newton-Raphson method is adopted as the solution 
technique for the nonlinear finite element analysis since it provides a relatively fast and stable 
convergence to the solution. 
 
3.2.2 Model validation with a single fracture 
The validation of the numerical model with the Full Newton-Raphson method is presented 
in this section. The simulated results of stress and strain curve for a uniaxial test on rock sample 
with one single fracture is compared with the analytical solution. The sample is assumed to have 




is assumed to be perpendicular to the z-axis which is also the direction of the loading. Other 
parameters used for model verification are shown in Table 1.  
 
Table 1 – Input parameters to simulate normal displacement of single fracture under 
uniaxial loading condition 
Initial Fracture Normal Stiffness 𝐾𝑛𝑖, [GPa/m] 5 
Fracture Shear Stiffness 𝐾𝑠, [GPa/m] 5 
Maximum Fracture Closure 𝑣𝑚, [m] 2e-4 
Young’s Modulus of Intact Rock 𝐸, [GPa]  20 
Poisson’s Ratio of Intact Rock 𝜐 0.33 
Applied Normal Stress in z-direction 𝜎𝑛, [MPa] 0-10 
 
The analytical solution for the normal displacement of a single fracture under uniaxial 






                                                               (3.42) 
Figure 3.5 shows the simulated total displacement of the sample under 1 MPa uniaxial 
loading condition from the numerical model and compared to the stress-displacement curve 
derived from analytical solution. The total displacement of the sample is the summation of the 
displacements caused by the fracture and the intact rock. For this case, to achieve the force balance 






Figure 3.5 – Simulated and analytical total displacement of the sample with a single 
fracture under uniaxial loading condition. The Full Newton-Raphson method is used for 
iteration. 
 
Figure 3.6 shows the simulated fracture displacement and the analytical solution up to 10 
MPa loading in the z-direction. 
 





























3.2.3 Model limitations 
The current finite-element-based geomechanical model only accounts for elastic material. 
Plastic deformations of the rock and fracture are not included. The shear failure of the intact rock 
and post failure behavior are also ignored. In this study, it is assumed that except for the pre-
existing natural fractures, no other discontinuous surfaces are generated during the simulation. 
However, the mathematical model presented in section 3.2.1 can be used for multiple fracture sets. 
For simplicity and demonstrative purpose, in this study, only one fracture set is implemented in 
the numerical model. 
 
3.3 Wellbore Stability Model in Anisotropic Formations 
3.3.1 Model development 
The wellbore stability model developed in this study follows the assumptions listed below: 
 The model assumes elastic behavior for both intact rock and natural fractures. 
 Mud penetration into the formation and natural farceurs are not considered. 
 Fracture normal and shear stiffnesses are assumed as constants. 
The development of wellbore stability model shares similar procedure as the development 
of the geomechanical model presented in section 3.2.1. The difference from the geomechanical 
model is that the simulation domain is now bounded with a hollow cylinder at the center as shown 
in Figure 3.7. The grid block also changed from brick elements to tetrahedron elements to adapt 





Figure 3.7 –Geometry and model structure for wellbore stability analysis 
 
There are 25 elements in the radial direction, 32 elements in the tangential direction and 10 
elements in the depth direction. To improve the accuracy of the stress simulation in the near-
wellbore region, the size of the grid block towards the borehole is gradually refined. The model 
considers the elastic anisotropy due to the presence of natural fractures. However, in this study, 
we use constant fracture normal and shear stiffnesses during the simulation, thus the nonlinear 
mechanical behavior is not included in the model. 
Experimental observations show that the strength of the rock containing weak planes is 
dependent on the orientations of the weak planes, such as beddings or natural fractures (Pomeroy 
and Mohmoud 1997, McLamore and Gray 1967) as shown in Figure 3.8.  
 
Figure 3.8 – Laminated rock sample and differential stress at failure with respect to the 




Borehole stability analysis in naturally fractured reservoirs needs to consider both the failure of 
the intact rock around the borehole and the slippage of the natural fractures. In this study, two 
types of failure criteria are employed. For the intact rock, the Mohr-Coulomb failure criterion is 
used, 
𝜎1 = 𝜎3 + 2(𝐶0 + 𝜇𝜎3) (√1 + 𝜇2 + 𝜇)                                         (3.43) 
for natural fractures, 
𝜏 = 𝐶0
𝑛𝑓
+ 𝜇𝑛𝑓𝜎𝑛                                                         (3.44) 
where 𝜎1 and 𝜎3 are the maximum and minimum principal stresses, 𝐶0 and 𝜇  are the cohesive 
strength and coefficient of friction of the intact rock,  𝐶0
𝑛𝑓
 and 𝜇𝑛𝑓  are cohesive strength and 
coefficient of friction of natural fractures, 𝜏  and 𝜎𝑛  are shear and normal stress on fracture 
surfaces. 
3.3.2 Model validation 
The analytical solution for stress distribution around a hollow cylinder in an anisotropic 
elastic material was proposed by Lekhnitskii (1963). The solution was derived based on general 
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= 0                                                         (3.48) 















= 0                                                         (3.50) 
The final form of the stress components is composed of the far field stresses in the borehole 
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𝑏,𝑖)          (3.56) 
where the superscript ( )𝑏,𝑎𝑛𝑖 represents the stresses around the wellbore in the anisotropic elastic 
formation, ( )𝑏  represents the far-field stress in the borehole coordinate system, ( )𝑏,𝑖 
represents the induced stress caused by removing the rock from the wellbore, Re( ) is the real 




𝜆𝑖  are three coefficients obtained from 𝜇𝑖 , and  𝜙𝑖
′  are three analytical functions. The detailed 
derivation and explanations of the terms can be found in Appendix A and Appendix B. 
To validate the borehole stability model, the simulation results are first compared with the 
analytical solutions of borehole stress distributions in an isotropic formation (Bradly 1979) with 
boundary stress conditions and rock elastic properties shown in Table 2. 
 
Table 2 – Simulation parameters for isotropic formation case 
Stress in x-direction 𝜎𝑥, [MPa] 20 
Stress in y-direction 𝜎𝑦, [MPa] 15 
Stress in z-direction 𝜎𝑧, [MPa] 25 
Wellbore Pressure 𝑝𝑤 [MPa] 5 
Young’s Modulus E, [GPa] 10 
Poisson’s ratio 𝜐 0.3 
 
Figure 3.9 shows the numerical solutions indicated as hollow marks and analytical 
solutions as solid lines. The results from the simulation compare well with the analytical results. 
 
Figure 3.9 – Stress distributions around wellbore in an isotropic formation (a) Comparison 
of numerical and analytical solutions for stress distribution at the borehole (b) Comparison 




The verification of the model for an anisotropic formation used the same stress conditions 
and formation Young’s modulus and Poisson’s ratio as the isotropic case. Two sets of natural 
fractures are implemented in the simulation domain separately. The first set of simulations 
compares impacts of fracture normal stiffness on stress distributions around the wellbore. The 
second set of simulations compares the effect of natural fracture orientations on the stress 
distributions. The properties for each case are summarized in Table 3 and Table 4. Facture shear 
stiffness usually takes a fraction of intact rock shear modulus or a proportion of fracture normal 
stiffness. In this study, a constant fracture shear stiffness same as the intact rock shear modulus is 
used in the model validation. Figure 3.10 and 3.11 show the simulated stresses and compared with 
analytical solutions, where the solid lines denote the analytical solutions and the symbols denote 
the numerical results. 
As shown in Figure 3.10, for a vertical fracture set with strike angle is 45° from the x-axis, 
when the magnitude of fracture normal stiffness is equal to one-tenth of the intact rock Young’s 
modulus, the numerical simulation results start to show significant differences comparing to the 
analytical solutions. The error suggests that for the field applications, if the fracture is too 
compliant, such as the magnitude of fracture normal stiffness is lower than one-tenth of the rock 
Young’s modulus, the numerical model may yield inaccurate stress estimations. 
The effect of fracture inclination on the stress distributions at the wellbore is not as 
dramatic when comparing to the impact of fracture stiffness. Figure 3.11 shows the simulated and 
analytical solutions of the stress around the borehole with fracture inclination angle ranging from 
0⁰  to 90⁰ . In this sensitivity study, the magnitude of the fracture normal stiffness is kept as a 




Table 3 – First set of natural fracture properties 
Fracture Normal Stiffness 𝐾𝑛, [GPa/m] 10, 5, 2, 1 
Fracture Shear Stiffness 𝐾𝑠, [GPa/m] 3.85 
Fracture dip direction 𝛼  45° 
Fracture inclination angle 𝛽 90° 
Fracture Spacing  𝑠𝑓, [m] 1 
Maximum Fracture Closure 𝑣𝑚, [m] 2e-4 
 
 
Figure 3.10 – Stress distributions at the wellbore in an anisotropic formation (a) Fracture 
normal stiffness 𝑲𝒏 = 𝟏𝟎 𝑮𝑷𝒂/𝒎 (b) Fracture normal stiffness 𝑲𝒏 = 𝟓 𝑮𝑷𝒂/𝒎 (c) 







Table 4 – Second set of natural fracture properties 
Fracture Normal Stiffness 𝐾𝑛, [GPa/m] 5 
Fracture Shear Stiffness 𝐾𝑠, [GPa/m] 3.85 
Fracture dip direction 𝛼  45° 
Fracture inclination angle 𝛽 0°, 30°, 60°, 90° 
Fracture Spacing  𝑠𝑓 [m] 1 
Maximum Fracture Closure 𝑣𝑚, [m] 2e-4 
 
 
Figure 3.11 – Stress distributions at the wellbore in an anisotropic formation (a) Fracture 
inclination angle 𝜷 = 𝟗𝟎∘(b) Fracture inclination angle 𝜷 = 𝟔𝟎∘ (c) Fracture inclination 







3.3.3 Model limitations 
The wellbore stability model is limited to elastic deformation of the fractured rock. Plastic 
deformations of the natural fractures and the intact rock are not included. Mud penetration into the 
formation and natural fractures while drilling may cause change of pore pressure around the 
wellbore region, resulting in changes of effective in-situ stresses as well as the effective normal 
stress acting on the fracture planes. The effect of mud penetration may alter the stress conditions 
for wellbore failure as predicted by the model. Further study and improvements in the wellbore 
stability model should focus on taking account of the effects described above. 
 
3.4 Seismic Velocity Anisotropy 
Seismic data interpretation is a tool to understand the geological structure and identify changes of 
rock properties at the reservoir scale, as supported by the experimental studies that the velocity of 
wave propagates through jointed media is anisotropic and varies depends on wave propagation 
direction and stress conditions (Nur and Simmons, 1969; Mavko and Nur, 1978).  
The in-situ stresses are often triaxial with three principal stresses with different values, 
which in turn will affect the aperture of the natural fractures in different orientations resulting in 
change in elastic moduli. The stress-induced P- and S-wave velocity anisotropy, therefore, can be 
used as a method to calibrate the orientation of natural fractures and stress state of the field.  
In this study, anisotropic P- and S-wave phase velocities in arbitrary propagation direction 
𝑛 = (𝑛1, 𝑛2, 𝑛3)
𝑇 are computed based on stiffness tensor under a given stress state (Helbig, 1994). 
The components of Kelvin-Christoffel matrix Γ𝑖𝑗 is first computed based on the stiffness tensor Cij 








Γ12 = 𝑛1𝑛2(𝐶12 + 𝐶66) + 𝑛1
2𝐶16 + 𝑛2
2𝐶26 + 𝑛3
2𝐶45 + 𝑛1𝑛3(𝐶14 + 𝐶56)
+ 𝑛2𝑛3(𝐶46 + 𝐶25)                                                                                                      (3.58) 
Γ13 = 𝑛1𝑛2(𝐶13 + 𝐶55) + 𝑛1
2𝐶15 + 𝑛2
2𝐶46 + 𝑛3
2𝐶35 + 𝑛1𝑛2(𝐶14 + 𝐶56)
+ 𝑛2𝑛3(𝐶36 + 𝐶45)                                                                                                      (3.59) 




2𝐶44 + 2𝑛1𝑛2𝐶26 + 2𝑛1𝑛3𝐶46 + 2𝑛2𝑛3𝐶13                  (3.61) 
Γ31 = Γ13                                                                      (3.62) 




2𝐶33 + 2𝑛1𝑛2𝐶45 + 2𝑛1𝑛3𝐶35 + 2𝑛2𝑛3𝐶34                  (3.64) 
The three eigenvalues 𝜆𝑖 of the the Kelvin-Christoffel matrix and density of the material 𝜌 




                                                                      (3.65) 
The P-wave velocity usually corresponds to the largest eigenvalue and then the fast S-
wave, and the slow S-wave velocities. The eigenvector associated with each eigenvalue gives the 












CHAPTER IV  
FIELD CASE STUDY  
 
In this study, the geomechanical properties, in-situ stress distributions and seismic velocity 
anisotropy of a tight gas carbonate reservoir in the Tazhong area, Tarim Basin were investigated. 
The lower Ordovician fracture-cavity formations are the primary hydrocarbon traps and the main 
target formations in this study. The matrix rock in the area has overall low permeability and 
porosity. However, the field is located in major fault belt zones. Natural fractures are well 
developed in some regions along the faults and can be observed in image logs from most of the 
wells drilled in the area.  
Establishing a comprehensive model to characterize the fractured reservoir from the 
geomechanical perspective can be very challenging. In this field case, an integrated approach is 
developed for geomechanical characterization conducted at a reservoir-scale where well ZG161, 
in the TZ45 block, is drilled. Detailed data analyses and interpretations and numerical simulation 
results on reservoir in-situ stresses, natural fracture properties, and anisotropic seismic velocities 
are presented in this section.  
 
4.1 Field Introduction 
4.1.1 Geological description and tectonic actives of the Tazhong area 
The Tazhong area in Tarim basin as shown in Figure 4.1 covers an area of 5×104 km2 (Jin et al. 
2018). The area is divided into several structural units by the strike-slip faults in the NE direction 
and the thrust fault, Tazhong No. 1 Fault, in the NW direction. The forming of the Tazhong uplift 




2015, Neng et al. 2008). The Cambrian – lower Ordovician source rocks in the north, and upper 
Ordovician carbonate source rock are two main contributors for the hydrocarbon accumulated in 
the Tazhong area (Wang et al. 2013).  
The Lianglitage–Yingshan group in the Tazhong area is composed of Ordovician 
carbonates and the formations contain the major hydrocarbon-bear reservoirs in the region. The 
main target, Yingshan formation, is buried at 5000~6500 m, with varying thickness and an average 
thickness of 120 m (Zhang et al. 2007). The formation lithology mainly consists of light gray 
sparite calcarenite, micrite limestone, micrite calcarenite and dolomitic limestone (Liu et al. 2011). 
The present-day in-situ stress around the Tarim Basin is dominated by a regional 
compressional tectonic stress field by the Himalayan collisional orogeny (Sun et al. 2017). The 
Tazhong area experienced a transition from extension to compression regime in the Caledonian 
orogeny during middle Ordovician. The tectonic activities developed the fractures in the 
formations with varying scales from microfractures to large fractures in three stages: in the Upper 





Figure 4.1 – Structure map of the Tazhong area in Tarim Basin and location of the TZ45 
block in this field case study. Reprinted from Wang et al. (2013) 
 
4.1.2 Experimental results from core samples  
17 triaxial tests were performed on the core samples from the TZ45 block. The selected 
static measurements of core samples are shown in Table 5 and the sonic velocities and the 
interpreted dynamic elastic properties are shown in Table 6. All the experimental results in Table 
5 and Table 6 are provided by China National Petroleum Corporation. Correlations between the 
static and dynamic elastic properties were constructed based on sample measurements and 





















1 2.797 0.013 3.842 0.212  27.18  33 
2 2.737 0.037 0.003 0.269  35.74  65 
3 2.823 0.015 0.003 0.233  32.16  65 
4 2.845 0.019 0.135 0.329  34.90  65 
5 2.802 0.027 0.111 0.277  31.28  33 
6 2.877 0.021 0.003 0.180  37.43  33 
7 2.947 0.021 0.004 0.149  35.21  65 
8 2.908 0.026 0.002 0.205  34.34  65 
9 2.864 0.018 0.008 0.135  22.86  65 
10 2.841 0.030 0.091 0.301  41.13  65 
11 2.782 0.013 0.008 0.203  32.96  70 
12 2.747 0.013 0.050 0.140  24.29  70 
13 2.767 0.018 0.017 0.280  27.82  70 
14 2.782 0.016 0.001 0.160  20.44  70 
15 2.78 0.017 0.004 0.237  31.83  70 
16 2.864 0.014 0.039 0.313  44.00  70 
17 2.901 0.017 0.009 0.304  34.85  70 
 
The dynamic elastic properties can be calculated once the compressional and shear wave 
velocities are known by using the following equations: 
Shear Modulus:  
𝐺 = 𝜌𝑉𝑠













































1 6826 3591 0.309 36 94 
2 5621 3245 0.250 29 72 
3 5862 2998 0.323 25 67 
4 5168 2345 0.370 16 43 
5 6667 3608 0.293 36 94 
6 5974 3500 0.239 35 87 
7 5855 3454 0.233 35 87 
8 5495 3296 0.219 32 77 
9 5685 3426 0.215 34 82 
10 6177 3399 0.283 33 84 
11 6406 3758 0.238 39 97 
12 6246 3349 0.298 31 80 
13 5797 3236 0.274 29 74 
14 6435 3573 0.277 36 91 
15 5695 3288 0.250 30 75 
16 5828 3171 0.290 29 74 
17 5790 3053 0.307 27 71 
 
A correlation between dynamic and static Young’s Modulus is generated and is shown in 






Figure 4.2 – Correlation between dynamic and static Young’s Modulus 
 
 
Figure 4.3 – Correlation between dynamic and static Poisson’s ratio  
 
Another important parameter to determine from the test analysis is the rock compressive 
strength. Usually, true unconfined compressive strength is obtained from uniaxial compression 
test. The compressive strength obtained from triaxial tests under small confining pressure can also 
be used to estimate unconfined compressive strength. Other methods to obtain unconfined 
























































or derived from compression and shear wave velocities. The latter two methods may yield large 
uncertainty.  
In this study, 6 additional triaxial tests under small confining pressure of 2 MPa were 
conducted. All core samples were taken from Yingshan formation in the TZ45 block. The test 
specimens are 50 mm in height and 25 mm in diameter in dry condition. Stresses at failure of the 
samples were recorded. Figure 4.4 shows a sample specimen used in the triaxial test before and 
after failure. The sample presents a relatively uniform lithology for the intact rock and 
microfractures can be observed in the sample. Figure 4.5 shows the measured stress-strain curves. 
The axial stress-strain curve has three distinguish regime before rapture: the nonlinear deformation 
at the beginning of the test due to compression on natural fractures and pores; linear elastic 
deformation between stress levels of 30 MPa and 100 MPa; and strain hardening when stress level 
exceeds the initial yield point.   
 
 
Figure 4.4 – Core sample for triaxial test a) before the test and b) after the test. Specimen 






Figure 4.5 – Stress-strain curves from triaxial test 
 
Figure 4.6 summarizes the ultimate rock strengths recorded from the triaxial tests and are 
plotted against sample shear modulus. A linear trend can be found between the shear modulus and 
rock strength, as shown in Equation 4.4. Additionally, three uniaxial tests were performed, the 
uniaxial compressive strengths measured from the tests are 23.03MPa, 30.2 MPa, and 33.4 MPa 
with corresponding static shear modulus of 53 GPa, 18 GPa, and 39 GPa. It is noticed that the 
uniaxial test results are inconsistent when compared with the correlation based on triaxial tests. 
 





























































Rock strength from triaxial tests: 
𝑅𝑜𝑐𝑘 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ = 12.375𝐺 − 66.082                                      (4.4) 
where the unit of rock strength is in MPa, and 𝐺 is the shear modulus in GPa. 
 
4.2 Well Data Acquisition and Interpretations 
The example reservoir presented in this field study is produced by Well ZG161. Well ZG161 is a 
vertical well completed at 6300 m true vertical depth. The well is located in the southeast region 
of the TZ45 block as shown in Figure 4.7. In Figure 4.7, the red color represents the Lianglitage 
Formation, the yellow color represents the Yijianfang Formation and the green color represents 
the Yingshan Formation.  
Logging data are available at the formation depth from 6050 m to 6300 m, which include 
image, sonic, density, and caliper logs as presented in Figure 4.8. Elastic properties such as 
Young’s modulus and Poisson’s ratio can be interpreted from the sonic and density logs and 
calibrated using correlations as shown in Equation 4.1 through 4.3. Rock strength can be estimated 













Figure 4.8– a) 6-arm caliper readings, b) sonic velocity logs, c) density log and d) sample 



























































Figure 4.9 – Elastic properties interpreted from well logs. a) Young’s modulus and shear 
























































4.3 Reservoir-scale Geomechanical Modeling 
4.3.1 Geostatistical modeling of reservoir properties 
The generation of a three-dimensional reservoir property model is accomplished by employing the 
geostatistical method. Elastic moduli distributions are populated using well data interpretations as 
presented in the previous section. In the TZ45 block, 11 wells scatter throughout the region. Elastic 
properties are generated for all 11 wells based on available well logs. The Sequential Gaussian 
Simulation was performed for the realizations of field-scale property distributions. The Elastic 
moduli distribution are presented in Figure 4.10 to 4.12. The formation throughout the field is 
slightly overpressured with an average formation pressure of 70 MPa. 
 






Figure 4.11 – Shear modulus distribution of the TZ45 block 
 
 




In this study, the reservoir properties around Well ZG161 are extracted and assigned to a 
31×31×9 simulation domain, as indicated by the red boxes in Figure 4.13, for geomechanical 
modeling. Well ZG161 is placed at the center of the model frame. With grid size of 100 m in x-, 
y-, and z-directions, the simulation domain is 3100 m in length, and 450 m in thickness.  
 
 
Figure 4.13 – Simulation domain for geomechanical modeling of Well ZG161 with a) top 
view and b) cross-sectional view 
 
4.3.2 Stress analysis around borehole 
The stresses estimated or interpreted at near wellbore region are often served as constraints 
for the geomechanical model. In this study, the overburden stresses at the well location are 
approximated by the density logs. The overburden stress is approximately 140 MPa at the 
formation top at 6050 m vertical depth.  
The minimum horizontal stress is interpreted from the acid fracturing treatment records. 
An average minimum horizontal stress of approximately 120 MPa is estimated over the stimulated 




The maximum horizontal stress at ZG161 can be interpreted by borehole breakouts 
identified from image logs as shown in Figure 4.14. From Figure 4.14, the spacing of the major 
natural fractures can also be identified, which is approximately 1 meter. The dip angle and dip 
direction are 45⁰  and N45W respectively. A summary of the breakout intervals along the borehole 
at target formation is illustrated in Figure 4.15.  
 
Figure 4.14 – Examples of natural fractures observed from image logs at intervals 6094m-






Figure 4.15 – a) ZG161 Breakouts intervals identified from image log showing as red lines.  
b) Rose diagram showing the azimuth of centers of borehole breakouts, 0° indicates north.  
 
It is observed from Figure 4.15 that the average azimuth of the breakout centers is N15W 
and N165E, and the breakout angles range from 80 to 100 degrees. The drilling induced fractures 
occur symmetrically at azimuth N90E and N90W, indicating the minimum horizontal stress is 
orientated in the E-W direction.  
To estimate the maximum horizontal stress at the wellbore, the borehole stability model is 
used to simulate the stress distributions and predict the borehole failure regions. The boundary 
conditions and input parameters used for the borehole stability analysis is listed in Table 7 and 
Table 8. In this simulation, the fracture normal and shear stiffnesses are assumed to be half of the 
average intact rock Young’s modulus and shear modulus. The maximum allowable fracture normal 







Table 7 – Simulation parameters of boundary conditions and intact rock 
Stress in E-W Direction 𝜎𝑥, [MPa] 120 
Stress in N-S Direction 𝜎𝑦, [MPa] 130 
Vertical Stress 𝜎𝑧, [MPa] 140 
Formation Pressure, 𝑝𝑝 70 
Wellbore Pressure Pw [MPa] 73 
Average Young’s Modulus E, [GPa] 25 
Poisson’s ratio 𝜐 0.26 
Rock Cohesive Strength 𝐶𝑜, [MPa] 15 
Friction Coefficient 𝜇𝑜 0.7 
 
Table 8 – Simulation parameters of natural fractures 
Fracture Normal Stiffness 𝐾𝑛, [GPa/m] 12.5 
Fracture Shear Stiffness 𝐾𝑠, [GPa/m] 5 
Fracture dip direction 𝛼  135° 
Fracture inclination angle 𝛽 45° 
Fracture Spacing  𝑠𝑓, [m] 1 
Maximum Fracture Closure 𝑣𝑚, [m] 2e-4 
Fracture Cohesive Strength 𝐶𝑓, [MPa] 5 
Friction Coefficient 𝜇𝑜 0.45 
 
With the maximum horizontal stress of 130 MPa orientating in N-S direction, the projected 
wellbore failure areas are simulated, and the result is presented in Figure 4.16. The failure areas 
have an angle of 90 degree with the center of the failure at approximately N10W. The maximum 
failure depth is approximately 0.35 inches. The shape of the failure area is compared with the 
breakout interpretations from image log as shown in red boxes in Figure 4.16. The image shown 
in the figure starts from the north direction and ends in the north direction. From the interpretation, 
the breakout widths azimuths are approximately from N55W to N45E and from S55E to S45W. 
As shown in the caliper log, based on a 6-inch drill bit, the total depth of the failure at interval 
6095 m – 6100 m ranges from 0.7 inch to 1 inch. Compares with the log measurements, the 





Figure 4.16 – Projected borehole failure area from simulation result with minimum 
horizontal stress 𝝈𝒉 = 𝟏𝟐𝟎𝑴𝑷𝒂, maximum horizontal stress 𝝈𝒉 = 𝟏𝟑𝟎𝑴𝑷𝒂, and vertical 
stress  𝝈𝒗 = 𝟏𝟒𝟎𝑴𝑷𝒂 (left) An example of borehole breakout interpretation from image 
log at interval 6096 m – 6099 m (middle) Caliper Measurement of the borehole at interval 
6095 m – 6100 m (right). 
 
4.3.3 Reservoir geomechanical modeling 
The structure of the reservoir used in geomechanical modeling is assumed to be rectangular 
shape with 31 grid blocks in both the x-, and the y-directions over 3100 m, and 9 gird blocks in 
the z-direction for the formation thickness of 450 m. One set of natural fractures is implemented 
in the geomechanical model. The fracture initial normal and shear stiffness of 10 GPa/m and 5 
GPa/m. The fracture spacing is 1 m. The fracture aperture is assumed to be 200 micrometers and 
the maximum allowable normal displacement is 90% of the fracture aperture. The fracture dip 
angle and dip direction are 45° and N45W, which is the same setting as for wellbore stability 
model. The mechanical properties of the intact rock are extracted from the geostatistical model 




domain. The boundary and initial conditions are shown in Figure 4.18. The model bottom is fixed 
in the vertical direction, but displacements in the horizontal directions are allowed.  
 
 
Figure 4.17 – Young’s modulus distribution of the simulation domain 
 
 
Figure 4.18 – Boundary conditions for the reservoir geomechanical model. The bottom of 
the model is fixed in the vertical direction, but movement is allowed in the horizontal 
direction  
 
To better understand the stress perturbation due to the presence of natural fractures, the 
geomechanical modeling is first performed on the base case, isotropic linear elastic formation 
without considering natural fractures. In this case, the effective maximum and minimum horizontal 
stress distributions are simulated and presented in Figure 4.19. If natural fractures are considered, 
the formation rock mass becomes anisotropic nonlinear elastic. The in-situ stress distributions are 





Figure 4.19 – a) Simulated maximum effective horizontal stress distribution and b) 
simulated minimum effective horizontal stress distribution, assuming isotropic elastic 
formation without effect of natural fractures 
 
 
Figure 4.20 – a) Simulated maximum effective horizontal stress distribution and b) 
simulated minimum effective horizontal stress distribution, assuming anisotropic nonlinear 




Figure 4.21 compares the simulated horizontal stresses at the well location from the two 
cases. The model results show that stress curves are smoother in the anisotropic nonlinear elastic 
case given the same modeling conditions. 
 
Figure 4.21 – Comparison of the simulated minimum and maximum horizontal stresses at 
the well location with and without effect of natural fractures. 
 
Figure 4.22 shows the simulated effective horizontal stress ratios for both cases. By 
assuming formation is isotropic elastic, and the impact of natural fractures is neglected, the stress 
ratio of two horizontal principal stresses throughout the reservoir ranges from 1.14 to 1.26. For the 
anisotropic nonlinear elastic case, the simulation result yields a horizontal stress ratio ranging from 
1.152 to 1.247. The horizontal stress anisotropy has great influence on the hydraulic fracturing 
treatment in fractured reservoirs. With more prominent horizontal stress anisotropy, the fracturing 

























treatment creates a more complex fracture network. Knowing the horizontal stress ratio of the field 
can help on well planning and well stimulation design.   
 
 
Figure 4.22 – Comparison of simulated horizontal stress ratio between the two cases. a) 
Isotropic elastic formation, b) anisotropic nonlinear elastic formation 
 
The natural fracture apertures throughout the reservoir are updated during the simulation 
as shown in Figure 4.23. Under the given boundary condition and initial fracture properties, the 
final fracture aperture ranges from 25 micrometers to 28 micrometers, which is equivalent to 12% 
to 14% of the initial aperture. The knowledge of fracture aperture throughout the field can provide 
information for reservoir flow simulations in fractured reservoirs where rock permeability is 
controlled by the presence of open fractures.  
 
 




4.3.4 Seismic velocity modeling 
The P- and S-wave velocities of the field can be generated using the anisotropic seismic 
velocity model described in section 3.4. If the reservoir rock has isotropic elastic properties, the 
wave propagates with the same velocity in all directions. Figure 4.24 shows the p- and s-wave 
velocity across of the reservoir assuming isotropic elastic rock properties. 
 
 
Figure 4.24 – a) Simulated p-wave velocity and b) simulated s-wave velocity throughout the 
reservoir assuming isotropic elastic formation  
 
Figure 4.25 presents the seismic velocities simulated in the naturally fracture reservoir. 
From the simulation results, when the p-wave propagation direction is parallel to natural fractures, 
the velocity ranges from 2950 m/s to 3750 m/s, whereas for the p-wave propagating perpendicular 
through natural fractures, the velocity decreases to 2680 m/s to 3330 m/s. For comparison purpose, 
the scale of the velocity plots in Figure 4.25 a) and b) is unified from 2700 m/s to 3700 m/s. The 
anisotropy of the formation elastic properties also causes shear wave splitting as shown in Figure 
4.25 c) and d). Plot c) and d) show the fast s-wave and slow s-wave velocity distributions when 
the wave propagation is in the direction parallel to the natural fractures. The slow s-wave velocity 






Figure 4.25 – Simulated seismic wave velocities throughout the reservoir assuming 
anisotropic elastic formation a) fast p-wave velocity, wave propagates parallel to natural 
fractures b) slow p-wave velocity, wave propagates through natural fractures c) fast s-wave 
velocity and d) slow s-wave velocity, both s-wave velocities are for wave propagates parallel 







In this study, an integrated approach for geomechanical characterization of naturally fractured 
reservoirs is presented. The models presented provide a more reliable approach on estimations in 
in-situ stress field and geomechanical attributes of naturally fractured reservoirs by linking 
wellbore-scale, reservoir-scale, and seismic attributes simulations together. 
The simulation results in the field study indicate that under certain stress conditions and 
natural fracture properties, using non-linear anisotropic elastic geomechanical model, the 
horizontal stress ratio is predicted to have a narrower range comparing with results from a 
conventional isotropic linear elastic model.  
If anisotropic seismic velocity measurements are available, it could be useful resources for 
mapping geomechanical properties in naturally fractured reservoirs. In case those measurements 
are not accessible, using this geomechanical characterization model with careful implementation 
of natural fracture properties in the model, the anisotropic seismic velocities (one P-wave and two 
S-wave velocities) can be estimated. 
Fracture aperture in fractured reservoirs is directly related to enhanced permeability zones. 
Our integrated approach for geomechanical characterization helps to locate open fractures. 
Knowledge such as fracture aperture and fracture stiffness under in-situ stress state is also 
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DERIVATION OF STRESS DISTRIBUTION AROUND A BOREHOLE 
 
The analytical stress solutions around a cylindrical hole in an anisotropic elastic material was 
solved by Lekhnitskii (1963) and Amadei (1983). The final solutions of the stress are composed 
of two parts, one from the far field stresses, and one from stress induced from removing the 
cylindrical material.  
Generalized plane strain condition is assumed. In this assumption the first derivatives of 









= 0                                                    (𝐴 − 1) 
indicating 𝑧𝑧 = 0. 
Now we define A as the compliance tensor in borehole coordinate system, the constitutive 
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= 0                                                      (𝐴 − 7) 
To derive the solution of the stresses, we define two stress functions, 𝐹(𝑥, 𝑦) and 𝐺(𝑥, 𝑦) 




















                                                          (𝐴 − 12) 
Substituting Equations A-8 to A-12 into A-2, the strain terms can be then expressed as 
stress functions 𝐹(𝑥, 𝑦)  and 𝐺(𝑥, 𝑦) . If the strain components are further substitute into the 
compatibility equations A-6 and A-7, two sets of coupled differential equations can be obtained, 
(𝐿4𝐿2 − 𝐿3
2)𝐹 = 0                                          (𝐴 − 13) 
(𝐿3
2 − 𝐿4𝐿2)𝐺 = 0                                         (𝐴 − 14) 
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  (𝐴 − 17) 
where  βij is defined as, 
𝛽𝑖𝑗 = 𝑎𝑖𝑗 −
𝑎𝑖3𝑎𝑗3
𝑎33
                                                 (𝐴 − 18) 
Using the method of characteristics, a general solution of the coupled Equation A-13 and 
A-14 can be found. Substituting 𝑒𝑥+𝜇𝑦 for the stress function 𝐹(𝑥, 𝑦) into Equation A-13 and A-
14, the resulting algebraic equation after differentiation is, 
𝐿4(𝜇)𝐿2(𝜇) − 𝐿3(𝜇)
2 = 0                                         (𝐴 − 19) 
where, 
𝐿2(𝜇) = 𝛽44 − 2𝛽45𝜇 + 𝛽55𝜇
2                                       (𝐴 − 20) 
𝐿3(𝜇) = −𝛽24 + (𝛽25 + 𝛽46)𝜇 − (𝛽14 + 𝛽56)𝜇
3 + 𝛽15𝜇
3             (𝐴 − 21) 
𝐿4(𝜇) = 𝛽22 − 2𝛽26𝜇 + (2𝛽12 + 𝛽66)𝜇
2 − 2𝛽16𝜇
3 + 𝛽11𝜇
4           (𝐴 − 22) 
Equation A-19 always has six complex or purely imaginary roots μi, where three roots are 
always conjugate to the others. Lekhnitskii (1963) has shown that general expressions for the stress 
functions F and G can be found as, 
𝐹 = 2𝑅𝑒(𝐹1(𝑧1) + 𝐹2(𝑧2) + 𝐹3(𝑧3))                            (𝐴 − 23) 






′(𝑧3))                   (𝐴 − 24) 
where 𝐹𝑖(𝑧𝑖) is an analytical function of the complex coordinates 𝑧𝑖 = 𝑥𝑖 + 𝜇𝑖𝑦𝑖, and 𝐹𝑖
′(𝑧𝑖) is the 















                                                       (𝐴 − 27) 
Substituting the general stress functions in Equations A-23 and A-24 into equations A-8 to 
A-12 yields the expressions for the borehole-induced stresses 𝜎𝑏,𝑖 . With the far field stress 
components in the borehole coordinate system, the final form of the stress expressions around a 







′ (𝑧1) + 𝜇2
2𝜙2
′ (𝑧2) + 𝜆3𝜇3
2𝜙3






′ (𝑧1) + 𝜙2
′ (𝑧2) + 𝜆3𝜙3






′ (𝑧1) + 𝜇2𝜙2
′ (𝑧2) + 𝜆3𝜇3𝜙3






′ (𝑧1) + 𝜆2𝜇2𝜙2
′ (𝑧2) + 𝜇3𝜙3






′ (𝑧1) + 𝜆2𝜙2
′ (𝑧2) + 𝜙3











𝑏,𝑖)          (𝐴 − 33) 
where 𝜙𝑖
′ are the derivatives of three analytical equations, 
 𝜙1
′ (𝑧1) = 𝛾1[(𝜇3𝜆2𝜆3 − 𝜇2)(𝜎𝑦𝑦
𝑏 − 𝑖𝜏𝑥𝑦
𝑏 − 𝑃𝑤) + (𝜆2𝜆3 − 1)(𝜏𝑥𝑦
𝑏 − 𝑖𝜎𝑥𝑥
𝑏 + 𝑖𝑃𝑤) 
+𝜆3(𝜇3 − 𝜇2)(𝜏𝑦𝑧
𝑏 − 𝑖𝜏𝑥𝑧
𝑏 )]                                           (𝐴 − 34) 
𝜙2
′ (𝑧2) = 𝛾2[−(𝜇3𝜆1𝜆3 − 𝜇1)(𝜎𝑦𝑦
𝑏 − 𝑖𝜏𝑥𝑦
𝑏 − 𝑃𝑤) + (1 − 𝜆1𝜆3)(𝜏𝑥𝑦
𝑏 − 𝑖𝜎𝑥𝑥
𝑏 + 𝑖𝑃𝑤) 
+𝜆3(𝜇1 − 𝜇3)(𝜏𝑦𝑧
𝑏 − 𝑖𝜏𝑥𝑧
𝑏 )]                                           (𝐴 − 35) 
𝜙3
′ (𝑧3) = 𝛾3[(𝜇2𝜆1 − 𝜇1𝜆2)(𝜎𝑦𝑦
𝑏 − 𝑖𝜏𝑥𝑦
𝑏 − 𝑃𝑤) + (𝜆1 − 𝜆2)(𝜏𝑥𝑦
𝑏 − 𝑖𝜎𝑥𝑥
𝑏 + 𝑖𝑃𝑤)      
+(𝜇2 − 𝜇1)(𝜏𝑦𝑧
𝑏 − 𝑖𝜏𝑥𝑧










− 1 − 𝜇𝑗
2]
−1












                                        (𝐴 − 38 ) 
and 
∆= 𝜇1 − 𝜇2 + 𝜆2𝜆3(𝜇1 − 𝜇3) + 𝜆1𝜆3(𝜇3 − 𝜇2)              (𝐴 − 39 ) 


















In this section, the mathematical formulations to transform the stress from the principal stress 
directions to the wellbore directions are presented. First, stresses in the principal stress coordinate 
system are transformed to the global coordinate system as shown in Figure B1. The maximum 
horizontal principal stress 𝜎𝐻 is aligned with xp axis, the minimum horizontal principal stress 𝜎ℎ 
is aligned with yp axis, and the vertical principal stress 𝜎𝑣  is aligned with zp axis. The global 
coordinate system is defined that the north is in the positive direction of xe, east is in the positive 
direction of ye, and the positive direction of ze is pointing downward. 
𝜎𝐺𝐶𝑆 = 𝑇1
𝑇𝜎𝑃𝐶𝑆𝑇1                                                     (𝐵 − 1 ) 





]                                             (𝐵 − 2 ) 
and 𝑇1 is the transformation matrix from principal stress coordinate system to global coordinate 
system, 
𝑇1 = [
cos(𝛼𝑠) cos(𝛽𝑠) sin(𝛼𝑠) cos(𝛽𝑠) sin(𝛽𝑠)
− sin(𝛼𝑠) cos(𝛼𝑠) 0
− cos(𝛼𝑠) sin(𝛽𝑠) − sin(𝛼𝑠) sin(𝛽𝑠) cos(𝛽𝑠)
]         (𝐵 − 3) 
where 𝛼𝑠 is the azimuth of the maximum horizontal stress and 𝛽𝑠 is the inclination angle between 
𝜎𝑣 and ze axis. Then we can transform the stress components from the global coordinate system to 
the borehole coordinate system as shown in Figure B1, 
𝜎𝐵𝐶𝑆 = 𝑇2𝜎𝐺𝐶𝑆𝑇2









]                                            (𝐵 − 5 ) 
and 𝑇2 is the transformation matrix from global coordinate system to borehole coordinate system, 
𝑇2 = [
cos(𝛼𝑏) cos(𝛽𝑏) sin(𝛼𝑏) cos(𝛽𝑏) sin(𝛽𝑏)
− sin(𝛼𝑏) cos(𝛼𝑏) 0
− cos(𝛼𝑏) sin(𝛽𝑏) − sin(𝛼𝑏) sin(𝛽𝑏) cos(𝛽𝑏)
]                     (𝐵 − 6 ) 














]                                          (𝐵 − 7 ) 
 
 
                 
Figure B1 – Illustration of coordinate system transformation from the principal stress 
coordinate system to the global coordinate system (left), and from the global coordinate 
system to borehole coordinate system(right) 
 
 
